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ABSTRACT
In this paper, we investigate the role of gravito-inertial effects on the Casimir energy associated
to a massless scalar field confined between two parallel plates orbiting a static and zero tidal
Schwarzschild-like wormhole, at zero temperature. Firstly, we obtain the metric in isotropic
coordinates, finding the allowed angular velocities and the orbit radii for a material particle (i.e. the
plates) as well as for the photon. Following, we compute the changes induced by both gravity and
rotation of the plates in the energy density of the quantum vacuum fluctuations pertaining to the
scalar field, in the zero tidal approximation inside the cavity. Finally, the Casimir energy obtained
for some these wormholes are compared between themselves and also with those ones related to an
Ellis wormhole as well as to a Schwarzschild black hole. With this, the gravito-inertial effects on
the quantum vacuum fluctuations analyzed in this work allow to recognize and identify both the
geometry and topology of the spacetime associated to each one of these objects.
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I INTRODUCTION
Some solutions of the Einstein’s equations of General Relativity, the so-called wormholes,
initially suggested in the works of Flamm [1] and Weyl [2, 3], represent a tunnel or throat that
interconnects two regions of the world [4]. The first solutions found (Einstein and Rosen [5],
Wheeler [6] and Kerr [7, 8, 9]) were, in general, non-traversable. However, a considerable progress
was made when Michael Morris and Kip Thorne, taking into account static, spherically symmetrical
and non-rotating wormholes, found a traversable solution [10]. It is worth remark that the actual
increasing research on wormholes has its principal motivation in the discovery of the deep connection
exists between these objects and quantum entanglement [11].
It is possible to show that the Schwarzschild’s solution, by means of an immersion diagram,
can configure a wormhole, but it is not traversable, since the edge of its throat coincides with
the event horizon. Nevertheless, we can find viable solutions by taking a specific shape for the
radial metric component with the redshift function without horizons [10, 12]. An interesting
generalization in this sense was carried out in [13] by taking a linear shape function, the so-called
zero tilde Schwarzschild-like wormhole, being static and traversable. Another wormhole based on
Schwarzschild black hole solution was obtained by Damour and Solodukhin [14], upon modifying
the redshift function adding to it a very tiny positive constant.
In general, for the stability of a wormhole, it is necessary that there is a kind of exotic matter
around, a hypothesis supported by the observation of the accelerated expansion of the universe
and the suggestion of the dark energy as possible explanation. But in some cases this restriction is
unnecessary [15, 16, 17]. Fluctuations in the vacuum state of quantum fields, which generally have
negative energy, can also play a decisive role in defining certain characteristics of the wormholes,
such as allowing the existence of closed timelike curves [18].
The best known physical manifestation of the quantum vacuum fluctuations, the Casimir [19]
effect, which has been explored in different contexts [20, 21, 22, 23, 24], was originally related to
the force that arises between two neutral and parallel metallic conductors - in general, plates - in
an ideal vacuum of the Minkowsky’s spacetime. This force is associated with a quantum effect
due to changes in the zero point oscillations of the electromagnetic field as a result of the existence
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of material boundaries. The Casimir effect can also be associated with cavities immersed in the
vacuum of a more general spacetime or with the geometry and topology itself [25]. In this sense,
several works in the literature have tried to describe this phenomenon in space-times associated with
wormholes [26, 27, 28, 29]. In particular, Sorge [30] recently demonstrated a change in the energy
density of the vacuum between two plates which orbit an Ellis wormhole [31]. Such a change would
occur due to the geometry of spacetime as well as to the inertial effects coming from rotation of the
Casimir apparatus around the wormhole.
Therefore, in this article we will seek to identify, by using the Sorge [30] method, changes of
gravito-inertial nature in the quantum vacuum energy density pertaining to a massless scalar field
confined inside a Casimir cavity orbiting a static and zero tidal Schwarzschild-like wormhole, which
is a particular case considered in [32, 33]. We will also analyze the conditions for the existence of
the circular orbits, geodesic or not, in which the plates could travel. This study will permit indirectly
distinguish, by means of the Casimir effect, the several astrophysical objects (namely, wormholes
and black hole) eventually orbited by a cavity of the type considered here.
The work is divided as follows: In section II, we will find the zero tidal Schwarzschild-like
wormhole metric in isotropic coordinates and compute the angular velocities as well as the orbit
radii allowed for the Casimir cavity. In section III we will calculate the changes in the energy density
of the quantum vacuum fluctuations associated to the massless scalar field inside the cavity orbiting
the wormhole, comparing it with those ones related to the Ellis wormhole and to the Schwarzschild
black hole. Finally, in section IV we will conclude and close the paper.
II SCHWARZSCHILD-LIKE WORMHOLE AND THE ORBITS AROUND IT
Initially, we must obtain the isotropic form of the traversable wormhole under consideration,
which in Schwarzschild coordinates is given by [13]
ds2 = dt2 − dρ
2
(1− β)
(
1− b0
ρ
) − ρ2(dθ2 + sin2 θdφ2), (1)
where b0 is the wormhole throat radius and β is a free parameter of the model, which characterizes
the object. The solution with β = 0 is a specific example of the wormhole firstly found by Teo
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[32], when its rotational parameter is turned off, and β = −2 characterizes a Schwarzschild-like
wormhole that is a particular Birkhoff solution obtained in the context of a bumblebee gravity model
with Lorentz symmetry violation [34].
Our objective is initially to find the corresponding solution in isotropic coordinates, such that we
have the following spatial line element
dσ2 = [F (r)]2[dr2 + r2(dθ2 + sin2 θdφ2)] =
dρ2
(1− β)
(
1− b0
ρ
) + ρ2(dθ2 + sin2 θdφ2), (2)
from which we immediately infer ρ = rF (r). Thus, the conform factor function [F (r)]2 can be
obtained by solving the ODE
F (r)
√
(1− β)
[
1− b0
rF (r)
]
= r
dF (r)
dr
+ F (r), (3)
which yields
F (r) =
(r/b0)
√
1−β−1
1− β
[
1 +
(1− β)
4(r/b0)
√
1−β
]2
, (4)
where the integration constant was found in such a way that one obtains the spatial part of the
isotropic Schwarzschild solution when β = 0, upon making b0 = 2M and observing the correct
dimensions of the involved quantities. Hence we obtain
ds2 = dt2 − (r/b0)
2(
√
1−β−1)
(1− β)2
[
1 +
(1− β)
4(r/b0)
√
1−β
]4
[dr2 + r2(dθ2 + sin2 θdφ2)], (5)
Figure 1: The Casimir aparatus orbiting a wormhole.
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which is the static and zero tidal Schwarzschild-like wormhole metric in isotropic coordinates. In
this form, it becomes easier introducing the parallel plates geometry of the Casimir apparatus via
Cartesian coordinates.
In what follows we will investigate, adopting Sorge’s approach [30], the conditions under
which the Casimir apparatus can travel through a circular trajectory around the Schwarzschild-like
wormhole, at the equatorial plane (θ = pi/2). For this, we initially introduce the unit tangent
timelike vector u = eψ(∂t + Ω∂φ), where Ω = dφ/dt is the angular velocity of the plates and
eψ =
1√
1− r2Ω2F 2(r) . (6)
Hence we infer the restriction
0 ≤ Ω < (1− β)
b0(r/b0)
√
1−β
[
1 +
(1− β)
4(r/b0)
√
1−β
]−2
≡ Ω(r), (7)
keeping only the positive direction of rotation.
Introducing the energy and angular momentum per mass unit, γ = E/m and λ = L/m,
respectively, which are constants of motion, we get
dt
dτ
= γ,
dφ
dτ
=
λ
r2F 2(r)
, (8)
which lead us to
λ = γΩr2F 2(r). (9)
The radial equation can be written as(
dr
dτ
)2
=
1
F 2(r)
[
γ2 − 1− λ
2
r2F 2(r)
]
, (10)
and the condition to circular orbits (dr/dτ = 0) yields
λ2 = (γ − 1)r2F 2(r), (11)
and then we have the following angular velocities for a material particle
Ω =
√
γ2 − 1
γ
(1− β)
b0(r/b0)
√
1−β
[
1 +
(1− β)
4(r/b0)
√
1−β
]−2
≤ Ω(r). (12)
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We can notice that Ω(r), the greatest permitted angular velocity, is exactly the one of massless
particles (m → 0, γ → ∞). From Eqs. (9), (11), and (12) we arrive at the radii of the circular
trajectories
r = b0
(
(1− β)
2
{(
λ
b0
√
γ2 − 1 −
1
2
)
±
√
λ
b0
[
λ
b0(γ2 − 1) −
1√
γ − 1
]}) 1√(1−β)
, (13)
and hence we conclude that there exists circular orbits when λ ≥ b0
√
γ2 − 1.
In order to find the light ray radii we make γ →∞ in above equation, getting
r = b0
(
1− β
4
) 1√
1−β
(−1) 1√1−β . (14)
The expression above will be real and positive if
1√
1− β = 2n, for all integer n. Thus we have that
only some wormholes hold photon spheres around them, which have spacetimes with parameters
βn given by
βn = 1− 1
4n2
. (15)
With this, the radii of the photon spheres are
rn = b0
(
1
4n
)4n
. (16)
From Eq. (10), the effective potential per mass unit for circular trajectories is given by
V (r) =
√
1 +
λ2
r2F 2(r)
. (17)
A critical point of V (r) is
r¯ = b0
(
1− β
4
) 1√
1−β
, (18)
and ∂2V (r¯)/∂r2 < 0. Thus, r¯ is a local maximum of V (r) and, consequently, the circular geodesic
orbit is unstable. We notice that this trajectory will stay at and out of the wormhole throat, r ≥ b0,
for β ≤ −3.
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From the last equation, we can find the largest radius of the (unstable) geodesic circular trajectory,
which is given by the curious expression
rmax = b0e
1/e ≈ 1.44b0, (19)
which belongs to the wormhole with the particular parameter β = 1− 4e2 ≈ −28.5.
III THE CASIMIR ENERGY
Provided the possible circular trajectories of the Casimir cavity, we will consider now the
quantum vacuum fluctuations of a massless scalar field ϕ(xµ) confined into the orbiting device.
Following once more the Sorge’s approach, we must initially solve the Klein–Gordon equation,
assuming Dirichlet boundary conditions at the cavity walls, whose proper separation, in the comov-
ing observer’s frame, is L. The area of each plate is S and we will work with the approximation
L  √S  b0 ≤ r. Thus, with this approach we do not consider tidal effects inside the cavity,
only the ones of gravito-inertial nature. This latter are taken into account when one implements a
rotational frame associated to the apparatus, so that the azimuth angle transforms as dφ→ dφ+Ωdt.
Thus, the comoving observer will measure a novel metric given by
ds2 =
[
1− r2Ω2F 2(r)] dt2 − F 2(r)(dr2 + r2dθ2 − r2dφ2 − 2Ωr2dφdt), (20)
where F (r) is given by Eq. (4). In order to consider the rectangular geometry of the plates, we will
introduce an orthonormal vierbein frame eˆµ given by
eˆτ = [1− r2Ω2F 2(r)]−1/2 ∂
∂t
,
eˆx = F (r)
−1 ∂
∂r
,
eˆy = [rF (r)]
−1 ∂
∂θ
,
eˆz = rΩF (r)[1− r2Ω2F 2(r)]−1/2 ∂
∂t
+ [rF (r)]−1[1− r2Ω2F 2(r)]1/2 ∂
∂φ
, (21)
where the coordinate z is oriented in the perpendicular direction to the plates, placed at the equatorial
plane (θ = pi/2), and eˆτ defines the 4-velocity of the static comoving observer.
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The Klein-Gordon equation in the vierbein frame for the massless scalar field, considering the
minimal coupling prescription, reads
1√−g∂µ(
√−ggµν∂νϕ) = ∇2ϕ− 2
r
∂ϕ
∂x
= 0, (22)
where we have used the approximation of zero tidal inside the cavity (r ≈ constant, where the plates
are placed).
The solutions of Eq. (22) satisfying the Dirichlet boundary conditions are given by
ϕn,k‖ = Nn exp (−iωn,k‖τ) exp (ik‖ · x‖) sin
(npiz
L
)
, (23)
where (ωn,‖,k‖) is the eigenfrequencies and momenta of the field propagation modes parallel to the
plates. The parameter
Nn =
(√
1− r2Ω2F 2(r)
4pi2Lωn,‖
)1/2
, (24)
guarantees the orthonormalization of the field modes and encodes the properties of the spacetime
under inspection.
The Casimir energy will be obtained from the regularization of the expected value of the quantum
vacuum fluctuations energy, given by
〈〉 = 1
V
∫
Σ
d3x
∑
n
∫
d2k‖T00, (25)
where the first integration is realized in the Casimir cavity, which has proper volume V , and the
second one is over the space of the momenta parallel to the plates. T00 is the purely temporal
component of the energy-momentum tensor, given by
T00 = ∂τϕn∂τϕ
∗
n −
1
2
ηij∂iϕn∂jϕ
∗
n. (26)
Plugging (26) into (25), we obtain
〈〉 =
√
1− r2Ω2F 2(r)
8pi2L
∑
n
∫ ∞
0
d2k‖
√
k2‖ +
n2pi2
L2
. (27)
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By solving the above integral via proper-time Schwinger procedure and regularizing the resulting
sum by the zeta Riemann function, we obtain the Casimir energy density between the plates, which
is given by
C = −
√
1− r2Ω2 (r/b0)
2(
√
1−β−1)
(1− β)2
[
1 +
(1− β)
4(r/b0)
√
1−β
]4
pi2
1440L4
, (28)
where we taken into account the expression for F (r) given in Eq. (4). We notice that the negative of
the multiplicative factor out of the squared root is the Casimir energy density (0) of the scalar field
inside the plates situated in the Minkowsky spacetime. Thus, the modulus of the found quantity is
always lower than this latter.
In the graph of Figure 2, we have depicted the ratio R = C/|0| as a function of the radial
coordinate, for b0 = 1, Ω = 0.2, and some values of β. The angular velocity Ω was chosen between
the permitted ones. We also depicted the Casimir energy density of the Ellis wormhole according
to [30], as well as the one related to the Schwarzschild black hole, given in [35] upon vanishing
the angular momentum of the Kerr black hole, using isotropic coordinates and adopting the same
parameters where they are applicable. In this latter case, b0 = 2M .
Figure 2: The ratio R = C/|0|, as a function of the radial coordinate, r > b0, for b0 = 1, Ω = 0.2. a) Schwarzschild-
like (S-L) wormhole with β = 0.5. b) Schwarzschild black hole. c) S-L wormhole with β = −3. d) Ellis wormhole. e)
S-L wormhole with β = −1.
At the wormhole throat r = b0, the Casimir energy density is given by
C = −
√
1− b
2
0Ω
2
(1− β)2
[
1 +
(1− β)
4
]4
pi2
1440L4
. (29)
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In this case, the Casimir energy density is lower than the one measured at the Ellis wormhole throat
when −11− 8√2 < β < 8√2− 11, for the same allowed parameters.
IV FINAL REMARKS
In this paper, based on Sorge’s approach [30] we have investigated the Casimir effect around
a static and zero tidal Schwarzschild-like wormhole, in the parallel plates configuration, at zero
temperature. Initially, we have obtained the corresponding spacetime metric in isotropic coordinates
in order to implement the rectangular geometry of the plates.
Following, we studied the circular trajectories allowed to a particle (i.e. the plates) travelling
around the object, finding the possible angular velocities and respective orbit radii. Specifically,
for massless particles, we verified that only some wormholes with certain values (i.e.“quantized”)
for the parameter β permit the existence of photon spheres. We also found the radii of (unstable)
geodesic circular trajectories and the wormhole with the largest value among them, for a same throat
radius.
Continuing, we solved the Klein-Gordon equation for a massless scalar field with minimum
coupling in a rotational comoving reference frame, in the above referred metric, imposing Dirichlet
boundary conditions on the plates which orbit circularly the wormhole. Here we have used the
approximation that neglects tidal effects inside the cavity. Then we obtained the expected value
of the energy density of the quantum vacuum fluctuations associated to the confined field. After
regularizing this otherwise divergent quantity, we arrived at the Casimir energy density, which is
lower than the one obtained in the Minkowsky spacetime for the same configuration of the plates.
Then we have compared graphically this energy density, for some values of β, with the ones obtained
in both the Ellis wormhole and Schwarzschild black hole space-times, according to [30] and [35],
respectively.
We conclude that the gravito-inertial effects on vacuum quantum fluctuations studied here allow
indirectly detecting both the geometry and topology of the spacetime, enabling the distinction
among the possible alternatives, such as different types of wormholes and a black hole. As a future
perspective, we intend expand this analysis to cosmological scenarios.
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